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Abstract
A projection of a knot is k-alternating if its overcrossings and undercrossings alternate in groups
of k as one reads around the projection (an obvious generalization of the notion of an alternating
projection). We prove that every knot admits a 2-alternating projection, which partitions nontrivial
knots into two classes: alternating and 2-alternating.
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1. Introduction
Let K be a knot in the 3-sphere with a given projection P = P(K). A choice of orienta-
tion and base point for P yields a sequence of zeros and ones of length twice the number of
crossings of P : the zeros represent the undercrossings of the projection and the ones rep-
resent the overcrossings as one travels around P in the direction of the chosen orientation,
starting from the base point.
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alphabet {0,1} whose 0-length and 1-length are equal, or as a bit string consisting of an
equal number of zeros and ones. Changing the base point of P changes the word w by at
most a cyclic permutation, while reversing the orientation of P reverses w. As is customary,
we will use |w| for the length of w.
Definition 1. Let P = P(K) be a projection of a knot K . A bit string w is a projection
word for P provided there exists an orientation and choice of base point for P such that
w corresponds to the resulting sequence of overcrossings and undercrossings of P through
one full cycle.
Example 2. The usual projection of the trefoil has two possible associated projection
words, (01)3 and (10)3, depending on choice of base point.
We denote a type i Reidemeister move on P by Ωi . Notice that each Ω1 move applied
to the projection P injects a subword of the form 01 or 10 into its projection word, while
each Ω2 move injects two subwords into its projection word: one of the form 00 and one
of the form 11.
We study knots that admit projections with periodic projection words. The most obvious
example is the class of alternating knots, which admit projections with projection words
of the form (01)n. Alternating knots have been shown to possess a number of remarkable
properties, and the types of knots we study are a natural generalization of these.
Adams et al. [1] define a projection P = P(K) to be m-almost alternating if m crossing
changes transform P into an alternating projection. They denote the crossings that need to
be changed as dealternators and note that every projection is m-almost alternating for 0
m n2 , where n is the number of crossings in P . Notice that if every pair of dealternators
is separated by at least 2 crossings, then the projection word of P will contain m subwords
of the form 000 and m subwords of the form 111.
In Section 2, we introduce k-alternating knots: knots that admit projections of the form
(0k1k)n but not of the form (0k−11k−1)n. In Section 3, we prove the unexpected result that
every knot admits a 2-alternating projection. Lastly, in Section 4, we introduce the notion
of the k-alternating excess of a knot, which measures how close the number of crossings
in a k-alternating projection is to the knot’s crossing number.
2. k-alternating knots
Definition 3. A projection P(K) of a knot K is k-alternating provided at least one of its
projection words is of the form w = (0k1k)n, where k  0 and n 1.
Thus the standard projection of the unknot is 0-alternating, and every alternating pro-
jection is 1-alternating. Fig. 1, which depicts two 2-alternating projections of the trefoil,
suggests a method for transforming an alternating projection into a 2-alternating projection.
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Fig. 2. Appropriate Ω1 moves add 1 to k.
Theorem 4. Let K be a knot that admits a k-alternating projection. Then K also admits a
(k + 1)-alternating projection.
Proof. Let P = P(K) be a k-alternating projection of K . Choose an orientation and a
basepoint for P so that its corresponding projection word is w = (0k1k)n. After each kth
undercrossing, perform an Ω1 move of the form 01 as in Fig. 2. The result of these n Ω1
moves on the projection word is then:
(
0k1k
)n → (0k[01]1k)n = (0k+11k+1)n.
Thus the resulting projection is (k + 1)-alternating. 
Definition 5. For k  0, let
Pk = {K | K admits a k-alternating projection},
and define P−1 = ∅.
By Theorem 4, it follows that Pk ⊆ Pk+1 for each k. Thus we can define the notion of
a k-alternating knot K as the least k for which K ∈ Pk :
Definition 6. Let
Ak =Pk −Pk−1.
A knot K is k-alternating if K ∈Ak .
Thus A0 consists solely of the unknot, while A1 is the class of alternating knots.
Example 7. The first nonalternating knot in the Alexander and Briggs enumeration in [2],
819, is 2-alternating, as the left projection in Fig. 3 illustrates.
Unlike alternating knots, 2-alternating knots may or may not admit a minimal 2-
alternating projection. For example, the 2-alternating projection of 819 in Fig. 3 mentioned
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Fig. 4. 943 in minimal (L) and 2-alternating (R) projections.
above is minimal since it has 8 crossings. On the other hand, no 2-alternating projection
of the 2-alternating knot 943 is minimal because no 2-alternating projection has an odd
number of crossings (see Fig. 4).
3. k is at most 2
Recall [1] that a projection of a knot is m-almost alternating if m crossing changes
produce an alternating projection; those crossings that need to be changed are called
dealternators. Adams et al. [1] have shown that all nontrivial, nonalternating knots are
m-almost alternating for some m. In this section, we describe how to transform any m-
almost alternating projection into a 2-alternating projection by a sequence of Ω1 and Ω2
moves.
Given an m-almost alternating projection P(K), our first goal is to separate the m deal-
ternators from each other in order to form a projection of K with isolated “dealternator
neighborhoods”.
Lemma 8. Let P = P(K) be an m-almost alternating projection of a knot K . Then there
exists a sequence of Ω1 moves transforming P into an m-almost alternating projection P ′
of K such that any two of its dealternators are separated by at least four crossings.
Proof. Let P = P(K) be an m-almost alternating projection of K , and let w be a pro-
jection word for P . At each dealternator, perform two “opposite” Ω1 moves immediately
on either side of the dealternator on both the understrand and the overstrand so that the
resulting subword of the projection (or a cyclic permutation of it) contains 000 and 111,
as in Fig. 5. Specifically, if (0) denotes the bit associated with the undercrossing of the
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dealternator and (1) denotes the bit associated with the overcrossing of the dealternator,
then these Ω1 moves perform the transformations
(0) → 10(0)01 and (1) → 01(1)10
to the subwords associated with each dealternator.
Let a be either 0 or 1 and a¯ is its Boolean complement. Then the four possible cases of
dealternators which were not separated by at least four crossings in P are transformed by
these Ω1 moves as follows (where, as above, the dealternators are enclosed in parentheses):
(a)(a¯) → a¯a(a)aa¯aa¯(a¯)a¯a,
(a)a(a) → a¯a(a)aa¯aa¯a(a)aa¯,
a(a)aa¯(a¯)a¯ → aa¯a(a)aa¯aa¯aa¯(a¯)a¯aa¯,
a(a)aa¯a(a)a → aa¯a(a)aa¯aa¯aa¯a(a)aa¯a.
The resulting transformation yields the projection P ′ of K which preserves the alternat-
ing pattern of the projection at all nondealternators, and separates each pair of dealternators
by at least four crossings. 
Now that we have separated the dealternators, we are free to work within the individual
“dealternator neighborhoods”.
Theorem 9. All nontrivial, nonalternating links are 2-alternating.
Proof. Let K be a nontrivial, nonalternating knot, and let P = P(K) be an m-almost alter-
nating projection guaranteed by Lemma 8, in which each pair of dealternators is separated
by at least four crossings.
Choose an orientation and a basepoint for P such that its corresponding projection
word begins with 000. This projection word can then be partitioned into 2m subwords,
each having the form of either 000(10)i1 (i  1) or 0111(01)j (j  1). Notice that each
dealternator corresponds to a pair of such subwords, one of each type.
At every dealternator, perform one of two types of Ω2 moves, depending on the sign of
the crossing, as in Fig. 6. Notice that these Ω2 moves result in the following changes in
each type of subword:
000(10)i1 → 00[11]0(10)i1 = 0011(01)i+1 and
0111(10)j → 01[00]11(01)j .
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Since each Ω2 move occurs within a “dealternator neighborhood”, the alternating pattern
at all nondealternators is preserved.
Next, perform i+1 Ω1 moves of type 01 at each section of the projection corresponding
to subwords of the first type and perform j + 1 Ω1 moves of type 01 at each section of
the projection corresponding to subwords of the second type, resulting in the following
changes in each type of subword:
0011(01)i+1 → 0011(0[01]1)i+1 = (0011)i+2 and
010011(01)j → 0[01]10011(0[01]1)j = (0011)j+2.
Since the resulting projection word is of the form (0011)k , the resulting projection of
K is 2-alternating.
Finally, assume P = P(L) is an m-almost alternating projection of a nontrivial, nonal-
ternating link L. Generate a projection with separated dealternators as in Lemma 8. Each
component then has a projection word consisting of some (possibly trivial) concatenation
of words of the forms 000(10)i1, 0111(01)j , or (01)k . In any case, performing appropriate
Ω1 and/or Ω2 moves as above results in a 2-alternating projection of L. 
In light of Theorem 9, any projection of any knot can be transformed into a 2-alternating
projection. So obviously there is no need to consider k-alternating projections for k
greater than 2. Furthermore, what appears at first to be a generalization of a k-alternating
projection—namely a projection that has any repeated motif whatsoever, rather than a mo-
tif of the form (0k1k)—is not a generalization at all.
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Although every knot admits a 2-alternating projection, it may be possible to classify
knots according to the minimality of their k-alternating projections. Specifically, given a
knot K and a value of k  1, one might ask what is the minimum number of crossings that
a k-alternating projection of K can admit?
Definition 10. Let K be a knot. For k  2, the k-alternating excess of K is
xk(K) = min
{
c(P ) − c(K) | P is a k-alternating projection of K}.
We say K is k-minimal alternating if xk(K) = 0 (i.e., K admits a minimal k-alternating
projection).
We have already seen that x2(819) = 0. In fact, there are knots with 0 k-alternating
excess for every k  1:
Theorem 11. For each k  1, there exists a knot K with xk(K) = 0.
Proof. By [3], the crossing number of a (k + 1, k + 2)-torus knot is (k + 2)k. But the
standard projection corresponding to this crossing number is k-alternating. Thus xk(K) = 0
for each (k + 1, k + 2)-torus knot K . 
While computing xk(K) for a given knot K might be a daunting task, providing a bound
on xk(K) might be reasonable. The logical place to start is with the class of alternating
knots.
Theorem 12. For an alternating knot K , x2(K) c(K).
Proof. Given an alternating projection P(K), performing c(K) appropriate Ω1 moves on
P(K), as in the proof of Theorem 4, results in a 2-alternating projection of K . 
Corollary 13. For an alternating knot K , xk(K) (k − 1)c(K).
References
[1] C. Adams, J. Brock, J. Bugbee, T. Comar, K. Faigin, A. Huston, A. Joseph, D. Pesikoff, Almost alternating
links, Topology Appl. 46 (1992) 151–165.
[2] J. Alexander, G. Briggs, On types of knotted curves, Ann. of Math. (2) 28 (1) (1926–1927) 562–586.
[3] K. Murasugi, On the braid index of alternating links, Trans. Amer. Math. Soc. 326 (1) (1991) 237–260.
